ABSTRACT
INTRODUCTION
A single optical resonator defines naturally a large set of resonant eigenmodes, which amount to as many independent quantum fields. This is an interesting starting point to define a quantum register for a quantum computer, and also for studying optical frequency combs in the quantum regime. However, a requisite is to be able to engineer at will quantum interactions between the different cavity modes. In this paper, we show that such quantum engineering is, indeed, possible and we detail a few different approaches and applications for ultrasensitive interferometry and quantum information. We first recall some of the basics of passive and active optical resonators and emitters.
As is well known, 1 a physical wave subjected to boundary conditions will define, via constructive interference of its multiple reflections off the boundaries, a set of resonant eigenmodes at harmonic frequencies defined by the interference condition 2L = pλ
where L is the cavity length (restricted to one dimension for simplicity), p a positive integer, the harmonic number, and λ, v ϕ , ν the wavelength, phase velocity, and frequency of the wave. 
where X j = a ωj + a † ωj is the amplitude field quadrature operator and
The experimental implementation of such a scheme was carried out by many groups around the world. At the University of Virginia, an ultrastable OPO above threshold was used in order to produce arguably the most stable pair of entangled optical fields ever generated. 17 The experimental setup is depicted in Fig.1 . This experimental realization of CV entanglement of phase-locked bright CW beams used an ultrastable, doubly Figure 4 shows the quadrature sum noise of the twin beams versus one of the LO optical phases, the other LO phase being locked at π/2, i.e. to the phase quadrature. We verified on the DC interference fringe that the AC signal is squeezed only when the scanned quadrature is also the phase one, i.e. the phase shift is π/2. The raw phase-sum squeezing is −0.9 dB (minimum squeezing hole from the shot noise average in Fig.4) the BHD contrasts We now consider whether an appropriate network of such bipartite couplings may lead to multipartite entanglement. We have discovered that solutions always exist for CV GHZ 27 and even CV cluster states. 28, 29 Considerable insight may be derived from using a version of the formalism of graph states. 30 The Hamiltonian describing the effect of a single, undepleted, classical pump mode in an OPO below threshold is of the form
The true squeezing is thus
S + = 10log 2(ρ + 1)[ρ(1 − η) + 1] η(η 1 + η 2 ) 10 S +exp 10 − 2(ρ + 1) + (η 1 + η 2 )[ρ(1 − η) − η] η(η 1 + η 2 ) ,(4)∆ A 1,0 − A 2,0 √ 2 2 + ∆ A 1,π/2 + A 2,π/2 √ 2 2 = 1.24 < 2.(5)
MULTIPARTITE ENTANGLEMENT IN A SINGLE OPO
where κ is an overall coupling strength and G = (G mn ) is a square symmetric matrix describing the Hamiltonian coupling network: we make the hypothesis of equal coupling constants for all coupled modes, so that the elements of G are either 0 or 1
. The matrix G is thus the adjacency matrix of a graph representing H, which has vertices denoting the field modes (in a vacuum state) and edges representing the non-zero terms of H. The graph allows us to easily visualize the couplings associated with the implementation of the Hamiltonian in Eq. (7). Fig. 5 displays the example of a monochromatically pumped (type-I) OPO, which can only generate entangled pairs.
The graph adjacency matrix in this case, denoted G 1 , has a constant main skew diagonal:
This is a consequence of the temporal phase-matching relation (ω m + ω n = ω pump ) together with our assumption of constant interaction strength, skew diagonals being labelable by the integer m + n. 
A quadripartite GHZ state may then be created in a single OPO by implementing the matrix
whose graph is the complete 4-vertex graph: every node is connected to any other but itself (no self-loops. A few more experimental details are in order here. As Fig.6 
All these interactions must be implemented with equal coupling constants, which is achievable by tuning the pump amplitudes and also designing the lengths of the periodically poled sections in the crystal. 26 In that case, the matrix G 2 of Eq. (9) 
